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I. SYSTEM MODEL

Our modeling of PERT is composed of three parts: window
adjustment, RED emulation, and queuing behavior. We start
with the window dynamics. Similar to [7], we consider a
single-link scenario and assume the forward propagation delay
from the source to the router is negligible and thus the
round-trip time R(¢) measured by the end-user at time ¢ is
composed of backward propagation delay 7, and queuing
delay T,(t — R(t)), i.e.,

R(t) =T, + T, (t — R(1)). ()

Denoting by C' the link’s capacity and by ¢(t) the queue
size at time ¢, queuing delay T, (¢) can be approximated by
q(t — R(t))/C. Note that delay R(t) in the last expression
is because the queuing delay perceived by the user at time ¢
is actually experienced by the router R(¢) time units earlier.
Then, window dynamics of a PERT end-flow is written as:

| W(HW (t — R(t))
wie) = ~ 2R(t - R(t))

p(t), 2

where, at time ¢, W (¢) is the congestion window size, R(%) is
the RTT, and p(¢) is the packet dropping probability. Note that
loss rate p(t) in the last equation is an instantaneous value as
appose to its delayed counterpart p(t — R(t)) in the TCP/RED
model obtained in [7]. This is because a PERT user makes its
dropping decision at the end-host instead of the router.

To formulate PERT’s emulation of the RED mechanism,
assume that the propagation delay 7}, is known to the end-
flow (this can be approximated by the base RTT). Then, upon
each packet arrival, the user can estimate the queuing delay by
Ty(t) = R(t) — T, and generate the packet drop probability

p(t) as following:
T,(t) —

t) = :
p( ) Tmaz - Tmzn e

where T,,;, and T,,,, are the maximum and minimum
thresholds of queuing delays and p,,q, iS a constant.

Another component of RED emulation is the estimation of
round-trip time R(t), which is updated per-packet using a low-
pass filter (LPF) with weight «, i.e.,

TnL in
- 3)

R(t) = aR(t—1)+ (1 — a)R(t), “)

where R(t) is the instantaneous RTT measured at time ¢ and
weight o = 0.99. Following the technique used in [7], this LPF
can be approximated by the following differential equation:

_Ina

R(t) = 5 (B() — R(1)), (5)

where § is the sampling interval.

We next model the queuing dynamics, which can be de-
scribed by the following differential equation of queue size:

where N(t) is the number of flows accessing the router at time
t and term W (¢) N (¢)/R(t) can be interpreted as the combined
incoming rate y(t). Since Ty (t) = q(t — R(t))/C, we re-write
the last equation in terms of queuing delay T,(%):
W(t — R(t))N(t - R(t))
R(t— R(t))C
Then, equations (1)-(6) comprise the complete system
model of PERT. It is easy to see that this model is very similar
to the TCP/RED model derived in [7]. Note that, there are
also some differences between the system models of PERT
and TCP/RED. The first one is that, in PERT, loss rate p
in (2) is not delayed by R(t) and variables for computing
queuing delay Ty in (6) are retarded by one RTT. As we have
mentioned earlier, this difference is because PERT monitors
queuing dynamics at the end-user, while RED does this inside
the router. The second difference is that PERT uses queuing
delay T,(t) to determine loss probability, while RED uses
queue length ¢(¢). We next study stability of PERT (1)-(6).

Tq(t> =

—1. (6)

II. STABILITY ANALYSIS
A. Stability Result

Similar to [7], we assume that the number of flows N and
RTT R are constant in the steady state. Then, the system
becomes:

1 W(H)Wg(t)

f(V[/vWR7TQ7p) = Ei 2R p(t)a
N
T = AW, )

where Wr(t) = W(t — R). In the steady state, we have
W(t) = Wgr(t) = W*. Applying this result and equating the
left-hand sides of (7) to zero, we can derive the equilibrium
point (W*,p*, Ty) as follows:
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The following theorem states a sufficient condition for

PERT (7) to be locally stable in its stationary point.
Theorem 1: Let Lpprr and K be defined as follows:

W*:%Candp*z

pmam ln (e
) K = e (9)
Tmax - Tmin d
and assume bounds R and N~ satisfy the following condi-

tion:

Lpgrr =

LpprrRT3C?
ev e V&

2
Wy

I+ 1, (10)



where: oN- 1
w7 (b
Then, PERT modeled by (7) is locally stable for all N > N~
and R* < Rt.

Proof: To determine local stability of the system, we first
linearize it in the equilibrium:

wg = 0.1 min(

; of of of of
T
W (8) = G W ()4 5 W)+ 5 0(0)+ 50T, (),
and
. 9g 9g
35(t) = GiHOW (D) + ST, 1),
where W (t) = W (t)—W*, {Wgr(t) = Wgr(t)—W*, dp(t) =
p(t) —p*, 6T,(t) = T,(t) — T, and the partial derivatives are
given below:
of _of _ Wwpt_ N (12)
oW Wy  2R*  R?2C’
*2 * Y2
o - Fe ) (13)
Op 2R* 2N?
af B 1 W*2p* B
o, = R® ' ame (1
dg N
W = RO (1>
and
9 _ NWr_ 1 (16)
or,  R?2C R+

Using approximation W (¢) = Wg(¢) as in [7], the lin-

earized PERT model becomes:

: 2N R*C?

SW(t) = _73*2 W () ~ Sz op), (A7)
: 1

5T, (t) = 05W( ) = 2 0Ty(0). (18)

Taking Laplace transforms of both sides of the last two
equations, we obtain the following transfer functions:

R*C;Q
Py (s) = ——28——, (19)
s + R2*]2VC
and N
Pp = _£C 20
T s—f—% (20)

Further notice that, according to [7], the transfer function
of RED emulation (3)-(4) in PERT is:

LperT
s/K+1

Combining (19)-(21) with the delay term e *’" in the return
path, we have the following closed-loop transfer-function
model of PERT:

L(s)

C(s) = (21

Py (s)Pr(s)C(s)e
e *® Lpprr
= - 2N RYE : (22)
(s+gmag)s+ 7)(% +1)
The rest of the proof directly follows from that of [4, Propo-
sition 1]. [ |
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Fig. 2.

Sampling interval § as a function of the minimum number of flows

Note that, in addition to conditions given in Theorem 1,
the equilibrium condition p* < p,q. 1S also necessary for
the system to be stable. To examine validity of this condition,
we infer from (8) that p* = 2/(W*)2. Thus, condition p* <
Pmaz holds if and only if pp,qae > 2/(W*)2. For a stationary
window size W* = 10 packets, we have p,,q, = 2%, which
is reasonable in practice.

We next investigate whether there exists a closed-form

solution of condition (10)-(11). Recalling K = Ina/d, we
convert (10) into the following condition on §:
Ina
o> —W\/LPERTRJFGC“ — 16(N—)4. (23)

This equation can be used as the guideline for choosing
sampling interval § given C, R, and N~.

Moreover, we observe that given R and C, § scales
inversely proportional to N. To better see this, consider the
following simulation, where RTT" R = 200 ms, packet size
s = 1250 bytes, pmaz = 0.1, Thee = 100 ms, T}y, = 50 ms,
and o = 0.99. We set C' = 10 mb/s (which corresponds to
1000 pkts/s) and range N~ from 1 to 50 to see the minimum
requirement of 4. As seen from Figure 2, the minimum §
monotonically decreases and reaches 0.1 seconds as N~ goes
to 40. We note that N~ is the lower bound of N. Thus, once
a stable ¢ is picked given certain N—, R", and C, stability
of the system is not affected by N or R as long as N > N~
and R < R™T.

B. Matlab Simulations

We next examine this stability condition using Matlab
simulations. Bringing in notations R(t) = R, z1(t) = W(t),
To(t) = R,(t), and 23(t) = Ry(t), the fluid model of PERT
(1)-(6) can be transformed into the following delay differential
equations (DDEs):

Bt — 1 Lpgrrzi(t)z(t — R)(z3(t — R) — Thnin)

IEV 2R ’
'7.32(t) = le(t) 1, (24)
w3(t) = Kuas(t) — Kaa(t),

where K and Lpggrr are defined in (9).
Set link capacity C' = 100 pkt/s (or 1 mb/s with packet
size 1250 bytes), § = 0.1 ms, N = N~ = 5, pyae = 0.1,
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Fig. 1. The fluid model of PERT (1)-(6) under different delay R.

Tmaz = 100 ms, T, = 50 ms, and o = 0.99. We keep
R = R™ and test stability of (24) under different values of
delay R. For all simulations, we set the initial point to be
(1,1,1) and the unit of x1(t) is packets and that of z2(t) and
x3(t) are both seconds. Start with R = 100 ms, which satisfies
the stability condition in Theorem 1. As illustrated in Figure
1(a), the system is stable with monotonic trajectories. We then
increase R to 160 ms, which is closer to the stability boundary,
but still satisfies the stability condition. As shown in Figure
1(b), the system is stable and converges to its equilibrium (8)
after decaying oscillations. Finally, we increase R to 171 ms,
which is exactly on the stability boundary. As seen from Figure
1(c), the system is unstable and exhibits persistent oscillations,
whose amplitude increases with the value of R. Note that the
stability boundary derived from Theorem 1 is not exact. Even
when R is within the stability region but close enough to the
boundary, the system becomes unstable.

This discrepancy is due to the approximations W (t)
W (t — R(t)) in the proof. To justify this reasoning, we re-
write (24) using W (t) = W(t — R(t)) and repeat the above
simulations. The simulation results demonstrate that stability
of the system is guaranteed under condition (10) and becomes
unstable when R is increased to 175 ms (which exceeds the
stability boundary 171 ms). Lack of necessity of the stability
condition is also pointed out in the context of TCP/RED in
[4]. However, Theorem 1 still serves as a general guideline
for choosing PERT parameters.

C. Discussion

We remark on two differences between Theorem 1 and [7,
Proposition 1]. The first one is that in the left-hand side of
(10), we have C? instead of C® as in [7, (8)]. This is because
PERT uses queuing delay T,(t) to determine loss probability,
while RED uses queue size q(t). Applying Lpprr = LrepC
in (10), it is evident that the resulting stability condition is
identical to that of RED.

The second difference is that sampling interval § in RED
is approximately fixed to 1/C, while in PERT ¢ of user ¢ is
the inter-packet arrival time 1/x;(¢), which is approximately
N/C. As a consequence, for fixed C, the more flows are
accessing the bottleneck link, the slower the sampling action
of each flow. Reflected in the stability condition, this also
results in less constraint on C, R, and N~ than in RED.

Thus, both differences actually increase the stability region
of PERT. On the other hand, when the frequency of sampling
action becomes extremely low, RTT estimation at the end user
may not accurately capture the queuing dynamics inside the
router. However, we argue that this problem does not occur
in practice, since the ISP will increase link capacity as the
number of accessing flows becomes large to decrease packet
loss rate and prevent end-flows from starving. Thus, there are
always sufficient packets within one RTT of each flow such
that the end-user has enough samples for RTT estimation.

In addition, it is common to assume that link capacity C
scales linearly with the number of flows N [2],i.e., C/N = o,
where o is constant. Then, assuming W* > 2, N = N—, and
R = R™T, condition (10)-(11) translates into:

0.04
o2K2Rt4 +1
which is independent of C' and N~ and is only a function
of R*. This property does not hold for RED due to term C®
instead of C? in (10). As a consequence, sampling interval §
of RED depends on (and thus unscalable to) C' even if C'/N
is kept constant.

We should also note that, similar to RED, sampling interval
0 in PERT also depends on the link capacity C' and packet
size s. Specifically, § becomes small when C' increases or
s decreases and becomes large otherwise. As pointed out in
[7], this adaptive nature of § is harmful since small § results
in close tracking of the instantaneous queue length and thus
leads to large oscillations. On the other hand, large § results in
increased rise time and extended initial overshoot of the queue
length. Thus, it is suggested that § be set to a fixed value
that is independent of C, s, and N. As mentioned above, this
requirement can be easily satisfied when ratio C'/N is kept
constant. A detailed discussion of the impact of § on system
performance is available in [7, Section 3.4].

Lpprro*RT <4 (25)

III. EMULATING PI

It has been identified that RED has several drawbacks, such
as lack of significant performance improvement for pure web
traffic [1] and mixtures of FTP, UDP and HTTP traffic [6],
difficulties in tuning RED parameters [1], [3], [7], and tradeoff
between stability and responsiveness of the system [7]. As
pointed out in [5], the major cause of the last drawback



in the above list is the averaging mechanism of the LPF.
Thus, the authors suggest using the instantaneous queue length
and applying a PI controller to it. Simulation results in [5]
demonstrate that PI offers better performance than RED in
terms of stability and stationary queue size. Motivated by this
fact, we next seek to emulate PI inside PERT.

The transfer function of PI is:

AP(s) _1+s/m
C
ri(s) = 37, W(s) s
where AP(s) and AT,(s) are respectively the Laplace trans-
forms of dp(t) = p(t) — p* and 6T, (t) = Ty(t) — Ty and K
and m are constants to be determined next. Assuming p* = 0,
we re-write PI (26) in the time-domain as follows:

p(t) = p(t) = K(éTq(t) + % / 5Tq(t)dt).

To implement the continuous PI (27) in PERT, we discretize
it using bilinear transform s = 2(z—1)/d(z+1), where ¢ is the
sampling interval, and convert the s-domain transfer function
given in (26) into its following counterpart in the z-domain:

AP(z) _vyz2-p
AT,(z)  z-1"

where v = K/m + K§/2 and § = K/m — K§/2. Then, the
time-domain version of the PI controller becomes:

p(t) = y(Ty(t) = T7) = B(Ty(t = 1) = T;) + p(t = 1), (29)
Thus, in the new version of PERT, the only change is to replace
RED emulation (3)-(4) with the PI controller (29).

Stability condition of PERT/PI defined by (7) and (29) is

given below.
Theorem 2: Assume:

(26)

27)

Cpilz) = (28)

W* > 2, (30)

where W* is the stationary window size. Then, PERT/PI
defined by (7) and (29) with

) &2y

is locally stable for all flow numbers N > N~ and all
stationary RTT R* < R™T. Furthermore, the phase margin PM
satisfies:

180 ,

PM ~90° — — (32)
™

Proof: Following Theorem 1 and [5, Proposition 2], it is
easy to prove that PERT/PI modeled by (7) and (27) with K
and m defined in (31) is stable. Since stability is preserved
under bilinear transform, stability condition of PERT (7) with
discrete PI (29) is the same as that of (7) and (27). [ |

Similar to Theorem 1, since PERT uses queuing delay to
determine loss probability, in parameter K (31), we have
term C? instead of C® as in the original stability condition
of TCP/PI [5, Proposition 2]. In addition, it is clear that
this controller is easy to implement and does not require a
complicated tuning process of parameters such as 7T},in, Tinazs
Pmaz and « as in RED.

IV. PERT-V2

In this section, we present modeling and stability analysis
of a variation of PERT, which we call PERT-V2, such that the
resulting protocol can fairly compete with TCP SACK. The
idea is to dynamically adjust the additive increase parameter «
based on PERT’s early dropping probability p’ and the link’s
packet loss probability p. Now, the combined packet loss rate
pperT experienced by the end-user becomes ppprr = 1 —
(1-p"Y(1—p) = p+p' —pp’. To roughly match the throughput
equations of PERT and non-PERT TCP flows, we want to
equate term Spprrr/aperr and Bp/a. Since o = 1 for the
regular TCP, we have apgrr = pperr/P =1+ /p — 7.
Assuming p’ < 1, we simplify the last equation as apprr =
L+p'/p.

We next analyze stability of the new method. Assuming loss
rate p = p* at links is constant, we can rewrite steady-state
equations of the system as following:

A+p/p") W20 +p" —pp") _
R 2R ’
NW
— =1 =0. 33
RO (33)
Then, we have the following stationary values:
RC R202p*2 _ 2N2p*
W*="—""and p* = . (34
N and p N2 — R2C2p* + R2C2p*2 (34)

Local stability of PERT-V2 is given in the following theo-
rem.
Theorem 3: Let Lpgrr and K be defined as follows:

In o

K

pmax

K =
Tmaz - Tmzn ’

Lpgrr = (35)
and assume bounds RT and N~

tion:

satisfy the following condi-

LpprrRTC(1—p*)(2(N7)? —

(RY)2Cp* + (RY)*C?p*?)

A(N-)2Cp*2
2

w
g9
b

“\Vx (36)

where:

IN~—Cp*2 1 )

U}g =0.1 mln( (R+)202p* n (R+)202p*2’ ﬁ 5

2(N-)2 —

and link loss rate p* is assumed to be constant. Then, PERT
modeled by (7) is locally stable for all N > N~ and R* <
RT.

Proof: Linearizing the system in its equilibrium, we have:

af of 8f on of
oW Wn + o 0P aT,

SW (1) = 8T (1) 4 =S Wr(t)+ L5, (1),

and

99 sp (4

99 st 5T, L(6),

S oW () +

W(t) — W*, dWg(t) = Wg(t) — W*,
—p’*, 0T,(t) = Ty(t) — T, and the partial

op'(t) =

where W (t) =
op/(t) = p'(t)



derivatives are given below:

ai: 8f _W*(p/* +p*_p/*p*)
ow oWgr 2R*
_ NCp*? 37)
IN2 — R202p* + R2C2p*2 ’
0 W) RC ) g
op' 2R* 2N? ’
ﬁ _ _p/* +p* W*2(p/* +p* _p/*p*) _ O (39)
3Tq p*R*2 2R*2 ’
dg N
== = 40
ow  R*C’ (40)
and
99 _ NWE_ 1 A1)

T,  R2C R

Using approximation W (t) = Wgr(t) as in [7], the linearized
PERT model becomes:

. 2NCp*?
SW(t) = T 2N2 — R2C2%p* + R2C?p? SW(t)
R*C*(1—p") -,
- N2 op'(t), (42)
. N 1
0T, (t) = R*06W(t) — ﬁéTq(t). 43)

Taking Laplace transforms of both sides of the last two
equations, we obtain the following transfer functions:

R*C2(1—p*)
_ 2N?2
PW(S) - 2NCp*2 )
s+ INZ_R2C2p*+ REC2p*2

(44)

and
N
R*C

-
S+ &=

PT(S) =

(45)

Further notice that, according to [7], the transfer function
of RED emulation (3)-(4) in PERT is:

Lpgrr
_ LPBRT 46
() s/K+1 (46)
Combining the above equations with the delay term e *%" in

the return path, we have the following closed-loop transfer-
function model of PERT:

L(s) Py (s)Pr(s)C(s)e™ 1

C(-p") est*
2N

47
LperT

2NCp*2 :
(s + sv—memy e ) (5 + 7)(% +1)

The rest of the proof directly follows from that of [4, Propo-
sition 1]. [ |

V. PERT-V3
A. Analysis

In this section, we present and analyze a new version of
PERT, which we call PERT-V3. In this new protocol, upon
the onset of congestion the end-user reducing the congestion
window by a factor of 5 = T,(t)/(T4(t) + Tmae) instead
of 3 = 1/2. In other words, the congestion window W ()
becomes (1 — 3)W(t) upon detection of a packet loss event.
Thus, assuming the RTT R(¢) = R is constant, we can write
the system equations as following:

l _ TmawW<t)WR(t)p(t)7

t) = W) = 48
N
t) = q¢t)=—=—=WI() —1. 49
o) = i) = oW “9)
Combining this model with equation p(t) =
Lpgrr(Ty(t) — Tmin), we have:
RC
* = = 50
w N (50)
Tonae(N? + R*2C2Lppr T
T* _ maa:( + R*=C PERT mzn) 7 (51)
1 TmaxR*QCQLPERT - N2
L N2 Tmam Tmzn
p = Leesr ( + ) (52)

TmaxR*chLPERT - N2°
We next attempt to study local stability of the system in its
equilibrium (W*,p*, T).

Theorem 4: Let:

In o
K=—.
)

pmam

b
Tmaw - Tmin

Assume bounds R and N~ satisfy the following condition:

(Tnaa RT2C* Lpprr = N2 _ ,/“ﬁ +1, (54
2C’Q]V_QLPERTI;naw(jﬁ’max + Tmzn) o K2 ’

where:

Lperr = (53)

wy = 0.1 min( (55)

2N~ 1
RT2C” ﬂ)'
Then, PERT-V3 modeled by (48)-(49) is locally stable for all
N >N~ and R* < RT.

Proof: We first obtain the following partial derivatives:

of of W Tas 2N

W T OWn  (T; + TR N =Tole
s o
(%(fq S }%*. (60)

Then, the linearized window dynamics of PERT-V3 is given
by the following differential equation:

2N 1
————=0W(t) — op(t
1

_|_ -

(T; + Tynaw) R*

SW(t) =

5T, (t). (61)
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Fig. 3. The fluid model of PERT-V3 under different delay R.

Further noticing that T,(t) = p(t)/Lperr + Tmin, We
have Tq* = p*/LPERT + TnLin and 5p(t) = p(t) - p*
0T, (t)/Lprrr. Then, we can rewrite (61) as:

. 2N
= —— I 2
W (1) = — a0 (1) + T, (©2)
where
*2 Y2 _ N2)2
r— (ThmaeR*C*Lpgrr — N?) 63)

B R*QCQNQLPERTTmaa: (Tma:r + Tmzn) ’

Then, the s-domain transfer function of the last equation

becomes:
I

The linearized equation of queuing dynamics is the same as
before:

N 1
i(t) = t) — —0T,(t
34(t) = oW (1) = 720, (1), (65)
whose transfer function is easy to obtain:
N
Pr(s) = <. 66
T(s) s+ % (66)

Following the previous techniques, we have the following
closed-loop transfer function L(s):

NT —sR*
wolrerTe™®

(s+ 70) (s + 7=) (5 + 1)
The rest of the proof directly follows from [4, Proposition 1].
|

L(s) = 67)

B. Simulation

We next examine this stability condition using Matlab
simulations. Bringing in notations R(t) = T),+T,(t), z1(t)
W(t), zo(t) = T,(t), and x3(t) = T,(t), the fluid model
of PERT-V3 can be transformed into the following delay
differential equations:

1 . LPERTx% (t)Tmam (ZB (t - R(t)) - Tm,zn)

= w7 R)(Ty(2) + Tonae) ’
. N

.132(t) = R(t)cxl (t) — 1, (68)
xg(t) = sz(t) — .K':I;'Q(t)7

where K and Lpggrr are defined in (9).

We use the same system setting as Figure 1, that is, link
capacity C' = 100 pkt/sec (or 1 mb/s with packet size 1250
bytes), § = 0.1 ms, N = N~ =5, pmae = 0.1, Thpaz =
100 ms, T}, = 50 ms, and o = 0.99. We keep R = R™
and test stability of (68) under different values of delay R.
For all simulations, we set the initial point to be (1,1,1) and
the unit of z(¢) is packets and that of x2(t) and x3(t) are
both seconds. We start with R = 150 ms, which satisfies the
stability condition in Theorem 4. As illustrated in Figure 3(a),
PERT-V3 is stable with monotonic trajectories and converges
the congestion window W (t) exactly to the predicted value
W* = 3 packets. We then increase R to 250 ms, which is
closer to the stability boundary, but still satisfies the stability
condition. As shown in Figure 3(b), the system is stable and
converges to its equilibrium W* = 5 packets after decaying
oscillations. Finally, we increase R to the stability boundary
270 ms. As seen from Figure 3(c), the system is marginally
stable and exhibits persistent oscillations.

Comparing these results to Figure 1, we infer that under the
same system configuration, PERT-V3 exhibits better stability
properties and tolerates higher delay than the original PERT.
In addition, we also observe from simulations that PERT-
V3 has lower stationary queuing delay 7,7 and dropping
rate p* than PERT as well as preserving the steady-state
congestion window W*. All of these properties, combined its
TCP friendliness, make PERT-V3 a better choice than PERT
in practical settings.
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